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Abstract. Motivated by the matrix form of the DDVV conjecture in submanifold 
geometry which is an optimal inequality involving norms of commutators of several 
real symmetric matrices and takes an important role in the proof of the well-known 
Simons inequality for closed minimal submanifolds in spheres, in this paper we first 
derive a similar optimal inequality of real skew-symmetric matrices, then we apply 
it to establish a Simons-type inequality for Riemannian submersions, which shows 
another "evidence" of the duality between submanifold geometry and Riemannian 
submersions. 



1. Introduction 

Let M n be an immersed submanifold of a real space form N n+m {c) of constant 
sectional curvature c. Given an orthonormal basis {e±, • • • , e n } (resp. {£1, • • • , £; m }) of 
T p M (resp. TpM), the normalized scalar curvature p and the normal scalar curvature 
p 1 - of M n at p are defined by 

2 n 

P= n ( n _D E (Rfaerfe^ei), 

V ' l=i<j 

P ± = -t^-tt ( E E (R^ej^ff = -t^-ttI^I, 

nln — 1 V ' / n(n — 1 

v ' l=i<j l=r<s v ' 

where R and R 1 - are curvature tensors of the tangent and normal bundles of M respec- 
tively. Denote by h the second fundamental form and H = ^Tr(h) = i Y^=i h( e i> e i) 
the mean curvature vector field. The DDVV conjecture raised by [7] says that there is 
a pointwise inequality among p, p 1 - and \H\ 2 as the following: 

(1.1) p + p ± <\H\ 2 + c. 
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Due to the Gauss and Ricci equations, this conjecture can be translated into the fol- 
lowing algebraic inequality (cf. [8]): 

m m 

(1-2) £ \\[B r ,B s ]\\ 2 <(Y,W B r\ 

r,s=l r=l 

where {B%, • • • , B m } are arbitrary real symmetric (n x n)-matrices, [•, •] is the commu- 
tator operator and || • || is the standard norm of matrix. 

The inequality (jl.2p (and thus the DDVV conjecture (jl.ip ) has been proved in- 
dependently and differently by [12\ 117]. In particular, the equality condition given in 
|12j shows that the inequality (|1.2p is an optimal inequality. As for the classification 
problem of submanifolds attaining the equality of (jl.ip everywhere, we refer to [5J for 
a big advance. In this paper, by a similar method as in |12| . we obtain the following 
optimal inequality of real skew-symmetric matrices in the form of the inequality (|1.2|) , 
which has been previously reviewed in the survey paper [13J. 

Throughout this paper, a K := 0{n) x 0(m) action on {B\, • • • , B m ) means that 

(PB 1 P t , • • • , PB^) ■ R, for (P, R) G K. 



{P,R)-{B 1 ,- 



, B m ) 



Theorem 1.1. LebB\,-- 
(i) If n = 3, then we have 



) B m 



be (n x n) real skew- symmetric matrices. 

m ^ m 

\\[Br,B s ]f<\{Y,\\B r \ 



T,S=l 



r=l 



where the equality holds if and only if under some K action all B r 's are zero except 3 
matrices which can be written as 
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(ii) If n > 4, then we have 



r,s=l r=l 

where the equality holds if and only if under some K action all B r 's are zero except 
3 matrices which can be written as diag(D\,0), diag(D2,0), diag(D^,0), where G 
M(n — 4) is the zero matrix of order n — 4 and 

/0A00\ /OOAOX /0 00A\ 



D 1 :-- 



-A 

\ 




A 
-AO/ 



,£>2 




-A 
\ AO 



-A 


o / 



\ -A 



A 
-A 
/ 



MATRIX INEQUALITY AND ITS APPLICATIONS TO RIEMANNIAN SUBMERSIONS 



3 



In sight of the geometric origin of the inequality (jl.2p . i.e., the DDVV inequality 
(jl.ip in submanifold geometry, we get interested in applications to geometry of this 
"dual" matrix inequality. Our attention will be focused on the geometry of Riemannian 
submersions which in some sense is also a "dual" theory of submanifold geometry. It 
turns out rather inspiring that, in analogy with the important role the symmetric matrix 
inequality takes in the proof of the well-known Simons inequality for closed minimal 
submanifolds in spheres (cf. [U \T7\ l23j). the skew-symmetric matrix inequality also 
takes crucial effect in deducing a Simons- type inequality for Riemannian submersions. 
In order to state the result we first recall some notions about Riemannian submersions. 
The notions in Chapter 9 of the book [2] will be used throughout this paper. 

Let M n+m and B n be (connected) Riemannian manifolds. A smooth map ir : 
M — >• B is called a Riemannian submersion if ir is of maximal rank and 7r* preserves 
the lengths of horizontal vectors, i.e., vectors orthogonal to the fibre 7r _1 (6) for b E B. 
Let "V denote the vertical distribution consisting of vertical vectors (tangent to the 
fibres) and J$f denote the horizontal distribution consisting of horizontal vectors on 
M. The corresponding projections from TM to "V and are denoted by the same 
characters. For Riemannian submersions there are two fundamental tensors T and A 
on M defined by O'Neill [19J as follows. For vector fields E\ and E2 on M, 



where D is the Levi-Civita connection on M. In fact, T is the second fundamental form 
along each fibre if it is restricted to vertical vectors, while A measures the obstruction 
to integrability of the horizontal distribution and hence it is called the integrability 
tensor of ir. Moreover, some analogues of the Gauss-Codazzi equations for a Riemann- 
ian submersion obtained by O'Neill [19] are expressed in terms of T and A as well as 
their covariant derivatives. These equations will be recovered in Section [3] by moving 
frame method, which is an effective method firstly used to the study of Riemannian 
submersions though widely adopted in submanifold geometry. More details about T 
and A can be found in [21 [19]. Next we introduce the notion of Yang-Mills which has 
been intensely studied both in physics and in mathematics and also found important 
for Einstein Riemannian submersions (see for example [U (2[ [TU] and references therein) . 
Here we use the presentation given in [2]. Let X\, • • • , X n be a local orthonormal basis 
of the horizontal distribution J>Sf. Define a co-differential operator 5 over tensor fields 
on M by 



(1.3) 



T El E 2 := J?D rEi yE 2 + YD rEl J^E 2 , 
A El E 2 := JfD^ Ei rE 2 + VD.x Ev WE 2 , 



5E : 
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Then we say that satisfies the Yang-Mills condition if, for any vertical vector U and 
any horizontal vector X, we have 

(SA(X),U)-(A x ,Tu) = 0, 

where the bracket (•, •) denotes the metric of M and also its induced metric on tensors. 
As pointed out in [2J, this condition depends only on J4? and the metric of B and not 
on the family of metrics on the fibres. By properties of T and A, it is not hard to verify 
that when the fibres are totally geodesic, i.e., T = 0, this condition is equivalent to 

5 A = 0, 

which is one of the three sufficient and necessary conditions for M to be Einstein in 
this case. To be coherent with that in [2], we define the square norm of A by 

n n m 

(1-4) \A\ 2 := {AxtX^AxtXj) =J2J2( A Xi U r> A Xi U r), 

i,j=l i=l r=l 

where {U±, ■ ■ ■ , U m } is a local orthonormal basis of the vertical distribution "f . Besides 
several references cited in 0, it is noteworthy that the square norm of A has been also 
studied by Chen ([3], etc.) who denoted it by A n and obtained its sharp upper bound 
for an arbitrary isometric immersion from M (with totally geodesic fibres) into a unit 
sphere in terms of square norm of the mean curvature of the immersion. 

Now we are ready to state the main result as follows. For x E M, we denote by 
k[x) the largest eigenvalue of the curvature operator R : /\ 2 TB — > /\ 2 TB of B at 
tt(x) G B, X(x) the lowest eigenvalue of the Ricci curvature f of B at ir(x) G B (thus k, 
A are constant along any fibre), and p,(x) the largest eigenvalue of the Ricci curvature 
f of the fibre at x. 

Theorem 1.2. Let tt : M n+m — > B n be a Riemannian submersion with totally geodesic 
fibres and Yang-Mills horizontal distribution, i.e., T = and 6 A = 0. Suppose that M 
is closed. Then the following cases hold: 

(i) If n = 2, then we have 

[ \A\ 2 jl dV M > 0; 

J M 

(ii) If m = 1, then we have 

[ \A\ 2 (k-\) dV M >0; 
Jm 

(iii) If m > 2 and n = 3, then we have 

[ \A\ 2 (l\A\ 2 + 2fi + k- A) dV M > 0; 
Jm 6 
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(iv) If m > 2 and n > 4, then we have 

[ \A\ 2 (\\A\ 2 + 2fi + k-\) dV M >0. 

JM 

Moreover, if A ^ 0, or equivalently, M is not locally a Riemannian product B x F, 
then we have the following conclusions about the equality conditions: 

(a) In each case, if the equality holds, then each fibre has flat normal bundle in M 
and \A\ 2 = Const =: C > 0, which implies further the following: 

(al) In case (i), fi = 0; 

(a2) In case (ii), k — A = 0; 

(a3) In case (Hi), ft = j^C, k — A = -j-C; 

(a4) In case (iv), fi = |C, k — A = -^C . 

(b) If the equality in (Hi) or (iv) holds, then m > 3 and at each point of M 
there exist an orthonormal vertical basis {U±,--- ,U m } and an orthonormal 
horizontal basis {X\, ■ ■ ■ ,X n } such that the {n x n) skew- symmetric matrices 

A T := ((AxtU^Xj)) , r = l,---,m, 

V / nxn 

are in the forms of the matrices in the equality conditions of (i) or (ii) of 
Theorem li.il respectively. Furthermore, under these basis, the following de- 
compositions hold 

r = /t/ 3 © f', 

R = kls, f = 2kl%, in case (Hi), 

R = kIq © R' , f = A/4 © f , in case (iv), 

where f = f\ span {u 4) -~ ,u m }> & = R\span{Xi/\Xj\l<i<n, 5<j<n}> andf = r\ sp an{X 5 ,- ,Xn}- 
In particular, when m = 3, the fibres have constant sectional curvature. Simi- 
larly, when 3 < n < 5, the base manifold B n has constant sectional curvature. 
More precisely and specifically, we have the following (c-d). 

(c) When m = 3, if the equality in (Hi) holds, then there exist some a > such 
that 

(cl) all fibres are isometric to a manifold F 3 of constant sectional curvature 
a; 

(c2) the base manifold B s has constant sectional curvature 8a; 
(c3) the following identities hold: 

\A\ 2 = 24a, 

rc =„ k =^An u _/° M (i,r) = (1,3), (2, 2), (3,1) 

^ 4a otherwise, 
R rs = 10a5 rs , Rij = 0, Ri r = 0, 
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where K rs , Kij, Ki r (resp. R rs , Rij, R{ T ) are sectional curvatures (resp. 
Ricci curcatures) of M on the 2-planes spanned by {U r ,U s }, {Xi,Xj}, 
{Xi,U r }, respectively, under the basis {U r } and {Xi} given in case (b). 
(d) When m = 3, if the equality in (iv) holds, then there exist some a > such 

that all fibres are isometric to a manifold F 3 of constant sectional curvature 

a. In addition, 

(dl) if n = 4, then the submersion it is covered by the Hopf fibration tiq : 
S 7 (-^) — > S i (^=), i.e., there are two covering maps tti : S 7 (-^) — > M 7 
and 7T2 : S (5^5) — > B A such that 1^2 ^0 = n tti/ 

(d2) if n = 5, then the base manifold B 5 has constant sectional curvature |a, 
and the following identities hold (with the same notations as in (c3)): 



\A\ 2 = 12a, 

^r-a for 1 < i < j < 4: (a for 1 < i < 4 

xV if — S 

3a for 1 < i < j = 5, '-O for i = 5, 



K = n K — < 3 " J*" — " ^ J — jy- 
lv rs — "^5 — 18 
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a5ij for 1 < i,j < 4 
3-aJjj for 1 < i < j = 5, 



Remark 1.1. As we mentioned previously, the Yang-Mills condition is implied by the 
Einstein condition of M when the fibres are totally geodesic. Therefore, examples 
satisfying our assumptions of the theorem are plentiful (cf. [2]). Note that the corre- 
sponding pointwise inequalities with the same equality conclusions also hold when M 
is not closed provided that \A\ 2 is constant on M, which is also implied by the Einstein 
condition of M. 



Remark 1.2. Besides the classification problem, searching examples of Riemannian sub- 
mersions in (c) and (d2) of the theorem might make sense to itself. For instance, the 
base manifold -B 3 can not be simply connected in case (c) due to the facts that any 
principal G-bundle over S 3 is trivial if G is a Lie group (in which case A = 0) and that 
any Riemannian submersion from a complete manifold M with totally geodesic fibres 
is a fibre bundle associated to a principal G-bundle for some Lie group G (cf. Remark 
9.57 in [2], and [13 EH])- Therefore, searching examples in (c) should start with a 
non-simply-connected 3-dimensional base manifold of constant sectional curvature. 



To conclude the introduction, we remark that as the Chern conjecture, the clas- 
sification of the equality case and Peng-Terng pinching theorems based on the Simons 
inequality in submanifold geometry (cf. [U [SJ El ESI E3 123 EI] , etc.), one can now ask 
the "dual" version for Riemannian submersions with square norm of the integrability 
tensor A instead of square norm of the second fundamental form. 
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2. DDVV-TYPE SKEW-SYMMETRIC MATRIX INEQUALITY 

2.1. Notations and preparing lemmas. Throughout this section, we denote by 
M(m, n) the space ofmxn real matrices, M(n) the space ofuxn real matrices and 
o(n) the N := "t"" 1 ) dimensional subspace of skew-symmetric matrices in M(n). 

For every with 1 < i < j < n, let ^ := -^{Eij — Eji), where EV,- G M(n) 
is the matrix with (z, j) entry 1 and all others 0. Clearly {Eij}^ is an orthonormal 
basis of o(n). Let us take an order of the indices set S := {(i, j)\l < i < j < n} by 

(2.1) (i, j) < (k, I) if and only if i<kori = k<j<l. 

In this way we can identify S with {1, • • • , TV} and write elements of S in Greek, i.e. 
for a = (i,j) 6 S, we can say 1 < a < N. 

For a = (i,j) < (k, I) = (3 in S, direct calculations show that 
( 

|2 _ 



(2.2) \\\E a ,Ep\\Y 



7p i < j = k < I or i = k < j < I or i < k < j = I; 
0, otherwise, 



and for any a, (3 G S, 

(2.3) E^, [E P , E 7 ] ) = (n- 2)5^, 

where 8 a p = 5^5 ji, and (•, •) is the standard inner product of M(n). 

Let {Q a }a£S be any orthonormal basis of o(n). There exists a unique orthogonal 
matrix Q G 0(N) such that (Qi,--- , Qjv) = ,E N )Q, i.e. = ^plpaEp for 

Q = {Qap)NxN- If we set Q Q = (^) BXn , then qfg = -q^ = for /3 = G S. 

Henceforth, this correspondence between an orthonormal basis {Q a }aes of o(n) and 
an orthogonal matrix Q G O(iV) is regarded known. 

Let Ai, • • • , A[|] be [|] real numbers satisfying ^ A? = ^ and Ai > ■ ■ ■ > A[|] > 0. 
Denote by / := {(i,j) G S\(X{ + Aj) 2 > |} and no the number of elements of /. It is 
easily seen that no = when n = 3. Moreover, we have 

Lemma 2.1. If I is not empty, i.e. no > 1, then 

n 

I = {l}x {2,--- ,no + l}, n + l<[-]. 

Proof. Obviously, by the assumptions of Aj's, (1, 2) G / if / is not empty. It suffices to 
prove that (2, 3) is not in /. Otherwise, we have 

(Ai + A 2 ) 2 > (Ai + A 3 ) 2 > (A 2 + A3) 2 > |, 

and thus 

4(A 2 + A 2 , + A§) > (Ai + A 2 ) 2 + (Ai + A3) 2 + (A 2 + A3) 2 > 2, 
which contradicts with \\ + A 2 , + A§ < X)i A 2 = |. □ 



s 
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Lemma 2.2. We have 

£ (c* + ^-f)4 

where the equality holds if and only if Uq = 1, Ai = A2 = 5 an d all other Xj 's 0. 
Proof. By Lemma l2.ll 

E k^* + x rf - 3] = E ( A ? + A ' + 2A ^) - 3 n « 

n +l "o+l 2 

= n A? + E A i + 2Al E A i " Q no 

< (n + 1)A? + E A ! + ( E A i) " 3 n ° 

J=2 i=2 

«o+i . 2 



< (r>„ + l)(A? + £ A ? ) "5"0 



3 

. v-^ . n 2 n + 1 2 1 
< (n + 1) 2^ \ ~ 3^0 = — ^ 3 n ° - 3' 

i 

where the equality condition is easily seen from the proof. □ 
Lemma 2.3. For any Q 6 0(N), a £ S and any subset J a C S, we have 

E (ii[o«.^]ii a -|) <§■ 

l3£J a 

Proof. Given a £ S, under some 0(n) C K action, without loss of generality, we can 
assume 

where Ai > • • • > A[hj > 0, £^ A^ = \ and the last exists only if n is odd. 
Put 



(2.4) U:=diag[ j& f j& f ,1 



'13 



-1 1 1 ' ' I y-1 J_ 

where the last 1 exists only if n is odd. Set Q 7 := U\/—lQ-yU* := (qj-) for 7 £ S, 
where £7* denotes the conjugate transpose. Then the following identities can be easily 
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verified for k, I = 1, • • • , [^] and k < I: 

Cfc-l,2fc-l = ~^2k,2k = $2k-l,2k> Qn,n = if U IS odd] 
Cfc-l,2fc = Cfe,2fe-1 = °' 

-1,21 ^2k,2l-l 

ilk-1,21 = ~ Cjfc,2J-l = 2^^2fc-l,2«-l ~~ Cfe,2i) + ^~^(^2k,2l-l + Cfc-1,2«)}' 
€fe-l,n = ^Q2k,n = €,2k-l = ~^€,2k = ~^(~Q2k,n + ^^fc-l.n) */ n is 

In particular, 

Q a = diag(X 1 ,-X 1 ,--- , A[«], -A[«j, 0) =: diag(u 1 ,u 2 ,- ■ ■ ,u n ). 



For any (i, j) 6 5:= G j) +- (2/c - 1,2/c), 1 < k < [§]}, it follows from the 

identities above that 

■yes 



As for the proof, we take (2k - 1,21 - 1) 6 S for example as the following: 



lCfc-l,2«-l| 2 — X/ A (^2fc-l,2«) 2 + (Cfe,2«-l) 2 + (92fc-l,22-l) 2 + (Cfc,2«) 2 

7 eS 7 es 

~2Q2k-l,2lQ2k,2l~l + ^Cfc-l,2i-lCfe,2/) 
= g (Wfc-1,207) 2 + (<?(2fc,2(-l) 7 ) 2 + (9(2fc-l,2«-l) 7 ) 2 + (Q(2k,2l)~/Y 

-2g , (2fc-l,2079(2fe,2/-l)7 + 2q , (2fc-l,2Z-l) 7 <7(2fc,2Z) 7 ) 



1(1 + 1 + 1 + 1 + + 0) = ! 



Denote by S* := {(+ j) £ S\(ui — Uj) 2 > |}. Since ^ A? = ^, we find that UiUj < for 
€ «S* and hence (ui,Uj) = (Xk,—Xi) or ( — A&, A^) for some (k, I) € /. Then by the 
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preceding identities and Lemma 12.21 we complete the proof of the lemma as follows: 

£ (l|[<3«,ty]|| 2 -§) = ^2(\\[Q a ,QM 2 -l 

- EE((«.-.)'i)Ki' 

/3e J a i,j=l 

< E 2 E((«*-^) a -|)i^i a 

peJ a i<3 



2 E E ((*-«i) 2 -*Ki a 



/3eJa (ij)es 



2 



< 2 £ ((n.-n^-^ElCl 2 

(i,i)eS ^gJ q 

< 2 £ (fc-t^-DEiagl 2 

3/ 2 



(fc,/)e/ 



2 

< -. 

~ 3 



Lemma 2.4. For any Q G 0(N) and a E S 1 , we /iaue 

^||[Q a ,^]|| 2 = n-2. 

,8eS 



Ptoo/. It follows from ([23]) that 

Qr^Q^i [E-,,E T ], [E^,E V ] ) 

= 5Z^ a ^ a ( n_2 ^7« = ( n_2 )E 9 7" =n ~ 2 ' 

7? 7 



Lemma 2.5. Zei A, -B be (n x n) reaZ skew-symmetric matrices, 
(i) If n = 3, then we have 

\\[A,B]f<l\\A\\ 2 \\B\\ 2 , 



□ 



□ 
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where the equality holds if and only if there is a P G 0(3) such that 

PAP* = C 1 , PBP* = aC 2 + bC 3 , 

where C\,C 2 ,C^ are the matrices in Theorem \l.l\ and a,b are real numbers, 
(ii) If n> 4, then we have 

\\[A,B]f<\\A\\ 2 \\B\\ 2 , 
where the equality holds if and only if there is a P G 0(n) such that 

PAP 1 = diag(D u 0), PBP 1 = a ■ diag(D 2 ,0) + b ■ diag(D 3 ,0), 

where D\, D 2 , D 3 are the matrices in Theorem \l.l\ and a,b are real numbers. 

Proof, (i) As A is now a (3 x 3) real skew-symmetric matrix, there is a P G 0(3) such 
that 

/ A \ 
PAP 1 = -A = Ci. 
^ / 

Denote by PBP 1 := (bij) G o(3). Then direct computation shows that 



[PAP*, PBP*] 









A623 








-A613 


A&23 


A6i 3 






Thus 



\\[A,B]f = || [PAP*, PBP*} || 2 = 2A 2 (4 5 + 6? 3 ) < l -\\Af\\B\\\ 



where the equality holds if and only if b\ 2 = 0, i.e., PBP* lies in Span{C 2 , C3}. 

(ii) As A is now a (n x n) real skew-symmetric matrix, there is a P G 0{n) such that 

where Ai > • • • > A[hj > and the last exists only if n > 4 is odd. 
Let £7 be the unitary matrix defined in (|2.4p . Then we have 

^4 := U^/—\PAP*U* = diag(\\, —X%, Apj, — Apj, 0) := diag(u\,u 2 , ...,u n ). 

Put 

£ := UV^IPBP*U* := (bij), sgn(n) = j 



1 /or n odd, 
/or n even. 
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Then it follows from the proof of Lemma 12.31 that &2fc-i,2fc = and 

\\[A,B]f = \\[A,B}f=J2(u i -u j ) 2 \b ij \ 2 

».i=i 

= 2(£[(Afc - A0 2 (|6 2 fc-i,2i-i| 2 + \b 2k ,2i\ 2 ) + (A* + A/) 2 (|6 2ifc -i,2/| 2 + l&2fc,2i- 
fc<; 

+2(s 5 n(n)) ^ Al(|6 2fc _ lin | 2 + \b 2k ,n\ 2 ) 

k 

< 2^(Ai + A 2 ) 2 (|&2fc-l,2Z-l| 2 + \b 2 k,2l\ 2 + l&2fc-l,2*| 2 + |&2fc,2i-l| 

+2( S5 n(n))^A 2 (| ^2fc-l,n| 2 + |&2A;,n| 2 ) 
fe 

< 2||A|| 2 ( ^(|& 2fc _ lj2i _i| 2 + |6 2fcj2Z | 2 + |6 2fc _i, 2i | 2 + \b 2k ,2i-i\ : 

k<l 

+ \\A\\ 2 (sgn(n)) ^(|6 2fc _i, n | 2 + |6 2fc ,„| 2 ) 



< pfll^H 2 . 

Analyzing these inequalities, we find that the equality in this case holds if and only if 
Ai = A 2 = 2 1|, Aj = for j > 2, and all bi/s are zero except 614 = 641 and b 2 3 = 632 , 
which is equivalent to that PAP 1 , PBP t are in the forms specified in the lemma. □ 

Now let tp : M(m, n) — > M(C^, C 2 ) be the map defined by cp(A)^j^ k ^ := AQ]j), 
where = m ^ - , I < i < j < m, 1 < k < I < n and A{^ j) = a^aji — audjk is the 
determinant of the sub-matrix of A := (aij) with the rows the columns k, I, arranged 
with the same ordering as in (|2.ip . It is easily seen that ip(I n ) = Ic 2 (preserving identity 
matrices), ^{A) 1 = (p{A l ) and the following 

Lemma 2.6. The map ip preserves the matrix product, i.e. (p(AB) = (p(A)tp{B) holds 
for A G M(m,k), B G M(k,n). 

We will also need the following exercise of linear algebra in the proof of the equality 
case of Theorem 11.11 



Lemma 2.7. Let A, B be two matrices in M(m,n). Then AA t = BB l if and only if 
A = BR for some R G 0{n). 

2.2. Proof of Theorem 11.11 Let B\,--- ,B m be any (n x n) real skew-symmetric 
matrices. Their coefficients under the standard basis {E a }aes of o(n) are determined by 
a matrix B G M(N, m) as (Bi, • • • , B m ) = (Ex, • • • , En)B. Taking the same ordering 
as in (|2,ip for 1 < r < s < m and 1 < a < (3 < N, we arrange < \B r ,B s ] > , 

I J r<s 
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\ [E a ,Ep] \ into C^j, C^r-dimensional vectors respectively. We first observe that 
([B U B 2 ], ■■■ , [B m ^,B m ]) = ([#!, E 2 ], ■■■ , [E N _!,E N ]) ■ tp(B). 

Let C(E) denote the matrix in M(Cjy-) defined by C(E)^ a ^^ liT ^ := ( [E a , Ep], [2? 7 , E T ] }, 
for 1 < a < f3 < N , 1 < 7 < r < N . Moreover we will use the same notation for {B r } 
and {Q a }, i.e., C{B) and C(Q) respectively. Then it is obvious that 

C(B) = ip(B t )C(E)ip(B), C(Q) = ipiQ^CiEMQ). 

Since BB l is a (N x N) semi-positive definite matrix, there exists an orthogonal matrix 
Q G SO(N) such that BB l = Q diag(x lr ■ ■ ,x N ) Q* with x a > 0, 1 < a < N. Thus 

m N 
J2\\B r \\ 2 = \\B\\ 2 = J2x a 

r=l a=l 

and hence by Lemma l'2.6| 

m 

II [B r ,B s ] || 2 = 2TrC{B) = 2Tr V (B t )C{E)^{B) = 2Tr^{BB t )C{E) 

r,s=l 

N 

= 2Tr <p(diag(xi, ■ ■ ■ ,x N ))C(Q) = ^ x a xp\\[Qa, Qp]\\ 



2 



We are now ready to prove Theorem 1 1.1 1 
Proof of Theorem 11.11 Put d(n) := | if n = 3 and | if n > 4. It follows from the 
arguments above that the inequalities of the theorem are equivalent to the following 

N N 2 

(2.5) Yl x <*xp\\[Qa,Qp]\\ 2 <d(n)(J2 x <*) > /oran^elf, Q G SO(N), 

a,/3=l a=l 



where K+ := {0 ^ x = (x 1 ,...,x N ) G R N \ x a > 0, 1 < a < N}. 

For n = 3, N = nt ~ n ~ 1 ^ = 3 an d by Lemma we have ||[Q a , Q/3]|| 2 < \ and thus 

^ll[g Q ,Q /3 ]|| 2 <^x2 = i. 

On the other hand, it follows from Lemma l2~4l that ^/3eS II [Ocu Q/?] II 2 = n — 2 = 1. 
Therefore, we get 

WlQ*,Qp}\\ 2 = \, for anya^(3eS. 

In fact, this equality just says that the cross product of two orthogonal unit vectors 
in R 3 is still a unit vector if we identify o(3) with M 3 and correspond the commutator 
operator to the cross product. So in this case, the inequality (|2.5p is equivalent to 

x\X2 + x 2 x 3 + £3X1 < -{x\ + x 2 + x 3 ) 2 , /or any x G M 3 , 



14 



J.Q. GE 



which is easily verified by 

xix 2 + x 2 x 3 + x 3 xi-^(x 1 + X2 + x 3 ) 2 = -^{xi-x 2 ) 2 + (x 2 -x 3 ) 2 + (x 3 -xi) 2 ^j < 0. 

Note that the equality above holds if and only if x\ = x 2 = x 3 := A 2 , i.e., BB l = X 2 I 3 , 
which, by Lemma l'2.7| is equivalent to that there is a R G 0(m) such that 



(Bi, • • • , B m ) = (Ei 2 ,Ei 3 ,E 23 ) ■ ( AI3, 3x ( m _ 3 )Ji? = (C\,C 2 , C3, 0, • • • , 0)R. 

This completes the proof of (i) of Theorem 11.11 
Now we consider the case (ii). Put 

N - 2/ N \2 

/qW = F(x,Q) := x a xp\\[Qa,Qf3}\\ 2 - ^{J2 Xa ) • 

a,/3=l a=l 

Then F is a continuous function defined on x SO{N) and thus uniformly continuous 
on any compact subset of l w x SO{N). Let A := {x G 1R+ | ^ a x Q = 1} and for any 
sufficiently small e > 0, A e := {x G A | x a > e, 1 < a < N}. Also let 

G:={Q£ SO(iV) I f Q (x) < 0, /or all x G A}, 

G £ := {Q G SO(iV) I f Q (x) < 0, /or aZZ x G A £ }. 

We claim that G = lim £ _>o G e = SO(N). Note that this implies (|2.5p and thus proves 
the inequality. In fact we can show 

(2.6) G e = SO(N) for any suf ficiently small e > 0. 

To prove (|2.6|) . we use the continuity method, in which we must prove the following 
three properties: 

(a) I N G G £ (and thus G £ ^ 0); 

(b) G £ is open in SO(iV); 

(c) G £ is closed in SO(N). 

Since F is uniformly continuous on A e x SO(N), (b) is obvious. 
Proof of (a). For any x G A £ , fj N (x) = ^ p=x x a xp\\[E a ,Ep]f - |(Ea=i^ 
It follows from flO) that 



2 / \ 2 

f I wipe) — ^ ^ {%ijXjk + XijXik + Xj^Xj'fc) g ^ ^ ^ "^ijj 

i<j<k i<j 

i<j<k i<j<k 

< 0, 

which means In £ G E . □ 
Proof of (c). We only need to prove the following a priori estimate: Suppose /q(x) < 
for every x G A e . Then fo(x) < for every x G A E . 
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The proof of this estimate is as follows: If there is a point y E A £ such that 
/g(y) = 0, we can assume without loss of generality that 

y € AJ := {x £ A £ \ x a > e for a < 7 and xp = e for j3 > 7} 

for some 1 < 7 < N. Then y is a maximum point of /q(cc) in the cone spanned by A £ 
and an interior maximum point in Aj. Hence there exist numbers 6 7 +i, • • • , 6tv and a 
number a such that 



(2.7) 

or equivalently 



^(y),-,^)J=2a(l, -.1), 

gr(y)>---^(y))=2(6 7+ i,---,M 



dx 



2 2 _ f a a < 7, 



6 Q a > 7. 



(2-8) I>/3(ll[Qa,Q/?]|| 
/3=1 

Hence 

7 JV 7 

/<3(y) = (E y °) a + ( E 6 ") e = and X] ya + ( N ~ ^ £ = L 

a=l a=7+l a=l 

Meanwhile, we see ^7(2/) = 2(07 + X^= 7 +i — 0> where v = (1, • • • , 1) is the 
vector normal to A in R . For any sufficiently small e (such as e < 1/N), it follows 
from the above three formulas that a > 0. Without loss of generality, we assume 
yi = max{yi, ■ ■ ■ ,y 7 } > e. Let J := {/3 G S 1 | || [Qi, || 2 > §}, and let n\ be the 
number of elements of J. Now combining Lemma 12.31 . Lemma 12.41 and Equation (|2.8[) 
will give a contradiction as follows: 

2 2 * 
3<3+a = X>[|[Qi,Q,j]|| 2 



< 



/3=2 

E^(ii[Qi 5 ^]ii 2 -^) + ^E^+ E wiifo.W 

/3eJ /3eJ /3e5/J 

yi£(ll[Qi,Q/»]|| 2 -f) + §£i//j + E vp\\\QuQp\f 

N 

2 2 ^ ^ „ r ~ ~ lll9 2 2 



(2-9) < -yi + -E^+ E y/3ll[Oi,0/3]|| 2 < jEw = 3- 

Thus 

(2.10) a = and J] ||[Qi, Q^]f = |(m + 1) < n- 2 < |j\T. 

,3eJ 

Hence 5/(JU{l}) / 0, and the second "<" in line (|2J| should be "<" by the definition 
of J and the positivity of yp for (3 £ S/(J U {!}). □ 
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Now we consider the equality condition of (ii) of Theorem 11.11 in view of the proof 
of the a priori estimate. 

If there is an orthogonal matrix Q and a point y G A such that fQ(y) = 0, we can 
assume without loss of generality that 

y G A 7 := {x G A | x a > for all a < 7 and xp = for all (3 > 7} 

for some 2 < 7 < N. Then y is a maximum point of fq{x) in and an interior 
maximum point in A 7 . Therefore, we have the same conclusions as (|2.7l 12.81 12. 9\ 
I2.10p when 7 < m + 1, and all inequalities in the proof of Lemma 12.31 can be replaced 
by equalities. So no = 1 by Lemma [2.21 S = {(1, 4), (2, 3)}, = qfj = for any 
G S/S, (3 G J, which imply that Qp is a linear combination of diag(D2,0), 
diag(D^,0) for any /3 G J. Hence, 1 < n\ < 2. But if ni = 1, it follows from ()2.10p 
that || [Qi, Qp] \\ 2 = I > 1 for /3 G J which contradicts with Lemma 12.51 So we have 
n\ = 2 and 2 < 7 < 3. If 7 = 2, then it follows from Lemma l2.5l and (|2.9p the following 
contradiction: 

l = y2\\[Qi,Q2}\\ 2 <\. 

So we get 7 = 3. By (|2.9p again, we have yi = 2/2 = 2/3 = | and y a = for a > 3, and 

l|[Qi,g 2 ]|| 2 = ||[Qi,Q3]|| 2 = l|[Q2,Q3]|| 2 = i, 

from which we can conclude the equality case of (ii) of Theorem 11.11 by Lemmas 12.51 
and 12.71 The proof of Theorem II .11 is now completed. □ 

3. Simons-type inequality for Riemannian submersions 

3.1. Moving frame method for Riemannian submersions. In this subsection we 
present a treatment of basic materials about Riemannian submersions by moving frame 
method. 

Let 7r : M n+m — > B n be a Riemannian submersion. We denote by D, R, r 
(resp. D, R, f; D, R, f) the Levi-Civita connection, the curvature operator and the 
Ricci operator on M (resp. on the fibres; on B) respectively. Around each point 
x G M, we can choose local orthonormal vertical vector fields {U n+ \, • • • , U n+m } and 
local orthonormal basic vector fields {X\, • • • , X n } which are horizontal and projectable 
such that {X\ := ir*Xi,--- ,X n := ir^Xn} form a local orthonormal basis around 
tt(x) G B. Thus {X\, ■ ■ ■ , X n , Un+i, ■ ■ ■ , U n + m } form a local orthonormal basis of TM 
around x G M and we denote by {oj\, • • • , uj n , u) n +li • • • > w n+m } the dual 1-forms on M 
with respect to this basis, i.e., 

Ldi(Xj) = 5ij, uji(U r ) = u r (Xi) = 0, to r (U s ) = 5 rs , 

where, from now on, we use the convention for indices as follows: 

h,i,j,k,l G {!,-•• , n}; r, s, t, u, v G {n + 1, • • • , n + m}, a, ^,7, 6 G {!,••• , n + m}. 
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Also we denote by {uj\,--- ,ui n } the dual 1-forms on B with respect to the basis 
{Xi, ■ ■ ■ ,X n } and by • • • ,uj n+m } the dual 1-forms on the fibre(s) with respect 

to the basis {£/ n +i, • • • ,U n + m }. Then the connection 1-forms {oj a p} of D on M, the 
connection 1-forms {uJ rs } of D on the fibre(s) and the connection 1-forms {u>ij} of D 
can be defined as follows: 
(3.1) 

Uij = {DXi,Xj), uj ir = (DXi,U r ) = -(DU r ,Xi) = -uj ri , io rs = (DU r ,U s ); 
u rs = (DU r , U s ), ujij = (DXi,Xj), 

where without confusion we denote by bracket simultaneously the metrics on M, B 
and the fibres. Let {flap} (resp. {f2 rs }; {fly}) be the curvature 2-forms on M (resp. 
on the fibres; on S ). Then we have the following structure equations: 

dco a = LO a p A U)p, UJ a p = —to p c 



(3.2) { 

(3-3) { 
(3.4) 



Jo < 



d(jJ r — &rs A k-Vs — 

du) rs = LU r t A LOts + flrs! 



duJi — cDy A CJj, tbij — — 

duJij = u>ik A dikj + fly, 
where, from now on, repeated indices are implicitly summed over, and we will write 
the curvature forms as £l a p = —^Ra^s^-y A ojs and so the Ricci curvature r = (R a p) 
(resp. r = (R rs )', ? = (Rij)) on M (resp. on the fibre(s); on B) can be expressed as 

Ra/3 = Ra-yfiy (resp. R rs = R r tst', Rij = R'ikjk)- 

Now since ir* [Xi, U r ] = [Xi,Tr*U r ] = and n*[U r , U s ] = [ir*U r , tt*U s ] = 0, [Xi,U r ] 
and [U r , U s ] are vertical, thereby it follows from (|3.ip and the definitions of the tensors 
T and A in OJ that 



f3 5) Ti s := u rt (U s ) = {T Us U r ,Xi) = -(T Us X h U r ) = T*.; 

Alj := UiriXj) = (A x .Xi, U r ) = -{A X] U r ,X, t ) = Uij (U r ) = -A r jt . 

Hence one can see that the tensor T (or its coefficients {T* s }) is just the second funda- 
mental form when it is restricted to vertical vector fields along the fibre(s). Meanwhile, 
we find that 

A Xi X j = -A Xj X i = ^nx i ,X j ] 

and thus 

A X Y = X -V[X,Y\, forX,YeJ?, 

which shows that A measures the integrability of the horizontal distribution and so 
it is usually called the integrability tensor of ir. By (jl.4p and (|3.5j) . we have 



(3.6) \A\ 2 = £(A 



r \2 
ijj 

r,i,j 
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Moreover, formulas (|3.5p imply the following equations: 
(3.7) 



UJi r — A^Ulj — T* s cj s , 



Uij = 7T*Cdij + A\-bj r . 
Define the covariant derivatives of T£ s and A\- by 

. . DT* S := dT l rs + Tl s U) tr + T l rt u ts + T rs u>ji =: T^ sj Uj + T* st ut, 

DA\- := dA\ 3 + A' kjUki + Al k u kj + A\p„ =: A\ jk u k + AV js u s . 

Then it is easily seen from ()3.5[) and (j3.8j) that 

T; sj = {(D x .T) u ,U r ,X i ) = Tl p Tl st = ((D Ut T) Us U r , Xi) = Tl rt , 
' ' Al jk = ((D Xk A) X] X u U r ) = -Ar jik , AV js = ((Du^x.Xi, U r ) = -A^, 

which are the only components of DT and DA that cannot be recovered from T and 
A at a point (cf. US]). Taking deferential of (|3.7p by using (|3.8p and the structure 
equations (|3.2l I3.4|) we get 

(3.10) (ZMT, + A? fc A> a + 7? s A> fe ) A w.- = {DT rs - 1*tT£uj k ) Aw s | ft ir , 



(3.11) fly = I'Hy + ^^+i^KA^I 

Kjs + lis^tr + A S ik s± k j) 

Recall that the O'Neill's formula {0} in [19] is just the Gauss equation on the fibre(s) 
derived from the structure equations ()3.2l 13. 3p and can be written as 

(3.12) Rrstu = Rrstu — Tl t T l su + T^T^. 

Taking values of (pHO]) on U s A U t , Xj A U s and of (|3"TTj) on U s AU r , X k A j7 r and 



-'ris ^rsti 

T* _j_ 4 r — T* T-? -i- 4 r 4 s 

-"■rsj ~ -^ijs ^rt^ts < ik jki 

■ A s — A r -4- A r , A? — A s , A r , -I- T l T J — T* T- 7 
-^ijr -"-ijs ' ik kj -^-ik^kj ' M tr ts ta tri 

. _ AT , AS rpk _ AS rpi _ AS rpj 

ijk ' ij sr jk sr ki sr> 

R-ijU ° 7T — 2A i jA kl — A\ k A T 3l + A u Aj k . 
Taking value of (|3.10p on Xj A X k we get 

E> AT AT _i_ n /IS /TT8 

J^irjk — fiijh ^ikj ' z, - ti jk- L rsi 
which by combining with (|3.9l 13. 16[) implies 

(3.18) A^ k + Aj ki + ^4fcjj = Aj{F sr + AjyT^,, + A ik T^ r . 



Xk A Xj, 


respectively, 


(3.13) 


Rirst 


(3.14) 


Rirjs 


(3.15) 


Rijsr 


(3.16) 


Rijkr 


(3.17) 


R'ijkl 
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Reversing i and j, r and s in (|3.14p and using f|3.9|) and the symmetry of the curvature 
operator, we can get the following (cf. [21 [T4"]): 

(3-19) A\ JS + Afj r = T rsi — T l rs y 

Let {K a p} (resp. {K rs }; {Kij}) be the sectional curvatures of M (resp. of the 
fibre(s); of B). Then it follows from HH.12tiH.17p that 

K rs = K rs + (jTfg) 2 — T^ r T^g \ , 

^•=^ovr-3E r (^) 2 , 

where, unusually, repeated indices are not summed over. If the fibres are totally ge- 
odesic, i.e., T = 0, then by (j3.12H3.17]) we have the following identities about Ricci 
curvatures: 

Rrr = Al kk = -(5A(X l ),U r ), 

(3.21) R rs = R rs + Al j A s ij , 

R lJ = R ij on-2Al k Ar k . 

Hence if M is Einstein with totally geodesic fibres, then we have 

(3.22) R ir = A\ kk = -(6A(Xi), U r ) = 0, 

which is equivalent to that the horizontal distribution Jif is Yang-Mills. 

3.2. Laplacians of the integrability tensor. From now on, we assume that the 
Riemannian submersion tt : M n+m — > B n has totally geodesic fibres and Yang-Mills 
horizontal distribution, i.e., T = and A\ kk = (by (|3.22|) ). 

We define the covariant derivatives of A\- k and A\- s by 
(3.23) 

DA ijk ■■= dA ijk + A W"U + A Uk"lj + A ijl^k + A tjk"sr =■ AT i3k i"l + Ar ijks Us, 

DA ljs ■= dA\ ]S + Al Js u ki + A^ k3 + AV jt uj ts + A\^ tr =: A\ jsk u k + A? jst u; t . 
The horizontal and vertical Laplacians of A\- are defined by 
(3-24) A A^j := A r ijkk , A^ A\ 3 - := A r ijss , 

while the horizontal and vertical Laplacians of a function / £ C°°(M) are defined by 

(3.25) A^f-^iXiXi-DxiXi)/, A y f :={U s U s -D Us U s )f. 

It is easily seen that these Laplacians are well-defined and relate to the Laplace-Beltrami 
operator A of M by 

A = A^ + A r . 
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Moreover, since the fibres are totally geodesic, A ^ is just the Laplace-Beltrami oper- 
ator, also denoted by A, along any fibre Fb when restricted to actions on functions of 
F b , i.e., 

(A r f)\ Fb = A(f\ Fb ), foranyfeC°°(M). 
Therefore, if M is closed, then for any function / G C°°(M), we have 

(3.26) [ A*f dV M = 0, I A r f dV M = 0. 

Jm Jm 

Taking differential of the second equation of (|3.8|) by using (|3.8l I3.23|) and the 
structure equations (j3.2|) we get 

(3.27) DA r ijk Acu k + DA r ijs Au s 

= ~(^ r hj^hk^il + ^ih^hk^jl + ^hl^hk^ij + ^ijs-^kl) U; k A Wj 

Evaluating ()3.27|) on A Xi and U s AUt, respectively, we obtain 

(3-28) Aijik ~ Aljki 

— —( A r A s A s 4_ A r A s A s 4- A r A s A s 4-94 r A s \ 

A r A s A s 4- 4 r 4 s 4 s 4- A r A s A s \ 
^K^hj^hl^ik + ^ih^hl^jk + ^hk^hl^ij ) 

— (A r h jRhikl + A r ih Rhjkl + AfjR sr kl), 



(3-29) Ay ta A-ijst — {AhjRhist + Al h Rhj st + AfjR urs t). 

Now since T = and = 0, by combining the identities ([331 E3 I3TT51 I5T71 137T81 
13.191 13.24p with ([3.281 13.29ft , we can calculate the Laplacians of the integrability tensor 
A as follows: 

(3.30) (A, A* A) := A^A^A^) = A^ kk 

— A r (— A r — A r \ — 9 A r A r — 9 A r ( A r — A r \ 

— -™-jkik s±kijk) ~ ^^ij^ikjk ~ ^^ijy^ikjk ^ikkj I 

— ZA^ ^ — (A r hk A s hk Alj + 2A r iks A k j) + 2A r hk A s h ^A\ k 

-(A r h kRhikj + A r ih R hkkj + A s ik R srkj fj 
= 2A^- (2A\ h A s hk A k j + 2A r hk A s h jA s ik 

-(AlkRhikj o 7r + A r ih R hkk j on) — 2Af k R sr kj) 
= -2\\ [A\A S ] f - ASjAfoRijhk o vr + 2A^i^ o vr - AA^R^j, 
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(3.31) (A, A r A) := A\^A V A\ 3 ) = A^A\ 3SS 

— —A r A s — A r ( A s — A s } 

= ~ A-ij (Afoj Rfrirg + A^Ry i j rs + AjjR usrs ) 

— 9A r A s , 7? i • — A r A s Ff 

where we denote by A r := (-AL) the (n x n) skew-symmetric matrix corresponding 
to the operator AU r : TM -> TM defined by AU r {Xi) := A Xr U r = A^Xj, and the 
square norm of the Lie bracket in the last line of (|3.30p is implicitly summed over all 
the indices r and s. 

3.3. Simons-type inequality. In this subsection we will derive the Simons-type in- 
equality rendered in Theorem 11.21 for Riemannian submersions with totally geodesic 
fibres and Yang-Mills horizontal distributions. 

We denote by (resp. V ) the restriction to the horizontal (resp. vertical) 
distribution of the covariant derivative D on M, i.e., 

V M 'W := (DW)\je, V V W := {DW)\y, for any tensor W on M. 

From (|3.6l 13,244 I3.25|) we can derive the following 

(3.32) i A'-^'l A\ 2 = (A, A* A) + \V M A\ 2 , i A r \ A\ 2 = (A, A r A) + \V r A\ 2 . 
Combining (ETTBl I3T61 ETI31 1X281 1X291 1X321 we obtain 

(3.33) (^A jr + 2A r )|A| 2 

= -2|| [A r , A s ] || 2 - A{ r -Y U .H, M o vr + 2Al j Al h R jh o vr - AA^R^ 

+4AljAf k R sr kj + \Alj k \ 2 + 4\Alj S \ 2 
= -\\[A*,A']f - ,i;; r i;;,// v/! , o vr + 2Al j A r ih R jh o vr - AAljAijRrs 

where, from now on, the indices within square norms are also implicitly summed over. 
If M is closed, then by (ET261 l3T33j) we get 

(3.34) J (\\[A r , A s ]\\ 2 + AAljAtjRrs + A^A r hk R ljhk o vr - 2A\ i A\ h R ih o 7r)dV M > 0. 

As defined before Theorem 11.21 in Section [H for x G M, k{x) is the largest eigen- 
value of the curvature operator R of B at vr(x) G B, X(x) is the lowest eigenvalue of 
the Ricci curvature f of B at vr(») G B and fi(x) is the largest eigenvalue of the Ricci 
curvature f of the fibre at x. Then the inequality (|3.34|) induces the following: 

(3.35) J {^\[A r ,A s }\\ 2 +^\A\ 2 + 2k\A\ 2 -2\\A\ 2 yv M > 0. 
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When n = 2, it is obvious that [A r , A s ] = and k = A. Thus by f)3.35j) we have 

/ \A\ 2 (i dV M > 0, 

which verifies the first case (i) of Theorem 11.21 

When m = 1, the first two terms of (|3.35|) vanish and thus 

/ \A\ 2 (k - A) dV M > 0, 

which proves the second case (ii) of Theorem 11.21 

Now we are coming to discover the phenomenons of "duality" between symmetric 
matrices and skew-symmetric matrices, between submanifold geometry and Riemann- 
ian submersions, as well as their interactions. To do this, one needs only to apply the 
inequalities of Theorem 11.11 to (|3.35p with the skew-symmetric matrices {A r } instead 
of {B r }, keeping in mind how the algebraic DDVV inequality (of symmetric matri- 
ces) applies to prove the Simons inequality in submanifold geometry (cf. [IZ]). This 
completes the proof of the left two cases (iii, iv) of Theorem 11.21 immediately. 

3.4. Equality conclusions. In this subsection we will complete the proof of Theo- 
rem 11.21 by verifying the conclusions (a-d) for equality conditions of the Simons-type 
inequality case by case. 

Firstly, it is a well-known fact that the total space M of a Riemannian submersion 
with vanishing T and A is (at least locally) a Riemannian product B x F, and vice 
versa. Henceforth, we assume that A ^ 0. The proof of (a-d) of Theorem 11.21 goes on 
as follows: 

(a) In each case of (i-iv) of Theorem II. 2\ the equality assumption of the integral 
inequality compels (|3.34|) to attain its equality simultaneously, which then by (|3.26l 
I3.33P shows immediately 

(3.36) Rijkr = 0, Rsrij = 0. 

Now since the fibres are totally geodesic, the Ricci equation on any fibre i 7 ^ shows that 
the normal curvature Rjr ri j of Ff, equals R sr ij and thus vanishes. So each fibre has flat 
normal bundle in M. Moreover, it follows from (|3.15l 13.161 13.191 13.36|) that 

(3.37) Alj k = 0, Alj S = -[A r , A s ]ij. 

Noticing that the covariant derivative of \A\ 2 can be calculated from (|3.37|) as 

D\A\ 2 = 2Al j Al jk co k + 2^ ja u 8 = 0, 
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we arrive at the conclusion that \A\ 2 = Const =: C > 0. Then by (l3.30H3.32p and 
(|3.36l I3.37P , we have 

(3.38) \^\A\ 2 = -2\\[A r ,A s ]f - AljA^Rijhk ° vr + 2Al j A r ih R jh o vr = 0, 

(3.39) \*?\A\* = -A^Rrs + \\\[A r ,A s ]\\ 2 = 0. 
Now we come to prove the subcases (al-a4) of (a) as follows. 

(al) Now n = 2 and [A r , A s ] = 0. So by the definition of fi and (|3.39p . we get 

\A\ 2 fi > Al^krs = 0, 

whereas \A\ 2 = C > and f M \A\ 2 jldVM = by assumption. 
This proves that fi = 0. 
(a2) Now m = 1 and [A r , A 5 ] = 0. So by the definitions of k, A and (|3.38[) . we get 

\A\ 2 {k - A) > -AljAlkRijhk o vr - o vr = 0, 

whereas |^4| 2 = C > and J* M |A| 2 (k — \)cIVm = by assumption. 
This proves that k — A = 0. 
(a3) Now the equality assumption implies that the inequality in (i) of Theorem ll.il 
(with B r = A r ) attains its equality, i.e., 

(3.40) £ \\[A*,A*]\\' = ^(El^l 2 ) 2 = ^l 4 = \C 2 . 

r,s r 

Then by the definitions of /i, k, A and (|3.38[ I3.39p . we have 
\A\ 2 f, > A^Alfi^ = \\\[A\A S )\\ 2 = ±C 2 , 

\A\ 2 (k - A) > l -A^Al k R l3hk o vr - A^ lh R, jh o vr = -\\[A\A S )\\ 2 = - l -C 2 , 

whereas |^4| 2 = C > and f M \A\ 2 Q\A\ 2 + 2fi+ k — A) dVu = by assumption. 
This proves that fx = j^C, k — A = — \C. 
(a4) The proof is almost the same with that of (a3) except for that the coefficient 
^ in (|3.40p would be substituted by |. So we omit it here. 

(b) If the equality in (iii) (resp. (iv)) holds, as in the proof of (a3), the inequality 
in (i) (resp. (ii)) of Theorem 11.11 (with B r = A r ) attains its equality, thereby, under 
some K = 0(n) x O(m) action which can be realized by a choice of an orthonormal 
horizontal basis {Xi, ■ ■ ■ , X n } and of an orthonormal vertical basis {U n+ i, • • • , U n+m }, 
the matrices A r, s are all equal to zero except A n+1 , A n+2 , j4 ra+3 , which are in the forms 
ofCi,C2,C3 (resp. diag(Di,Q),diag(D2,0),diag(D^ 1 Q)). Noticing that now we have 

\A\ 2 = \A n+1 \ 2 + |,4 n+2 | 2 + |,4 n+3 | 2 = C > 0, 
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we derive that m > 3. Moreover, we can rewrite A n+1 , A n+2 , A n+3 as follows: 



(3.41) 



n+l 



A' 



j\n+3 





for equality case of (Hi); 



n+l 



(3.42) 



A 



= C 



10 
-10 
1 
0-10 


;) 


, A n+2 = 









1 
10 
0-100 
-10 




| for 





o / 





10 
-1 
-10 
10 







for equality case of (iv), 



where in the diagonals of (|3.42p is a zero matrix of order (n — 4) . As in the proof of 
(a3), we have the following equations if the equality in (hi) or (iv) holds: 



1 



(3.43) \A\^ = A^A! J R rs , \A\*k = -A^A r hk R i]hk o tt, \A\'\ = A^R^ o tt. 



Using the formulas (|3.41|) for equality case of (hi), the equations (|3.43|) can be 
turned to the following: 

a(Rn+l n+l + Rn+2 n+2 + Rn+3 n+s), 

?2323 ° 71"), 



k 



§(#1212 ° VT + ^1313 o 7T + i? 2 



A = g(-Rll o 7T + i? 22 on + i? 33 o 7r). 

Then recalling the definitions of £1, k, A, we obtain the following decompositions for 
f,R,f for equality case of (hi): 



fih r, R = hl 3 , f = AI 3 , 



where f' 



T\span{Ui,— ,U 3+m } if rn> 4 and if m = 3, A = 2k because of n = 3 now. 
Similarly, using the formulas (|3.42p for equality case of (iv) and the first Bianchi 
identity, the equations (|3.43p can be turned to the following: 



A = 3(^+1 n+l + Rn+2 n+2 + Rn+3 n+3), 

k = g(^1212 O 7T + -R1313 o 7T + Rui4 o VT + #2323 o 7T + #2424 7T + #3434 71") 
A = j(#ll O 7T + # 2 2 O 7T + #33 O 7T + #44 O 7r). 



Then recalling the definitions of p,, k, A, we obtain the following decompositions for 
f, #, f for equality case of (iv): 



R = kh® R' 



A/ 4 



r , 
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where r' = r\ span{Un+4t ... ,u n+m } if m > 4 and if m = 3, R' = RUpa^XiAX^lKiKn, 5<j<n} 
and f' = r\ spa n{x 5 ,- >Xn } if n > 5 and if n = 4. 

From the decompositions, if m = 3, then we can see that the 3-dimensional fibres 
have constant Ricci curvature and thus have constant sectional curvature; if n = 3 or 
4, then the base manifold B n has constant sectional curvature; if n = 5, then by the 
definitions of k, A we have 

A < -R55 = #1515 + #2525 + #3535 + #4545 < 3k + i?i5i5, 

5 

A = Ru = ^ = 3k + Ri5i 5 , for i = 1,2, 3, 4. 
i=l 

These prove that Ri^i^ — k for i — 1, 2, 3, 4, and so the base manifold B has constant 
sectional curvature. 

(c) Now m = 3, n = 3 and the equality in (iii) holds. In (b) we have proved that 
both of the fibres and the base manifold B 3 have constant sectional curvature. Due to 
a result of Hermann [15] we see that the fibres are all isometric. Reset \A\ 2 = C =: 
24a > 0, then by (a3) and (b) we get 

fi = 2a, A = 2k = 16a, 

which deduce the conclusions of (cl) and (c2). 

The identities in (c3) can be calculated from the formulas (|3.20l 13.211 13.4ip . In 
fact, since we have T = and A^k = 0, the formulas (|3,20l[3~2"T]) turn into the following: 

(344) K rs = K rs , K ir == Y,j( A ij) 2 > % = ^ot-3EtW 

Rir = 0) Rrs = Rrs 4" A \j A iji Rij = ° ^ ~ ^■ A ik A Jk' 

Then using formulas (|3.4H I3.44|) and the known facts that K rs = a, K{j = 8a, we 
complete the proof. One should notice that the index range for r in (c3) is {1,2,3} 
rather than {n + l,n + 2,n + 3} (n = 3) here. 

(d) Based on results of (b) and formulas (|3.42ll3744"j) . the proof of the assertions for 
(d2) and the heading paragraph of (d) are exactly the same with that of (c) despite that 
we reset \A\ 2 = C =: 12a > here in view of (a4). As for (dl), we first calculate the 
sectional curvatures of B 4 and M 7 respectively and find that B has constant sectional 
curvature 4a and M has constant sectional curvature a. In fact, by (a4), (b) and (|3.42l 
I3.44|) we know that 

fi = 2a, X = 3k = 12a, K rs = Ki r = Kij = a. 

Hence, M 7 is covered by S 7 (-^), B 4 is covered by S 4 {-^-^) and we denote by 
7ri,7T2 the corresponding covering maps. Thus there is a Riemannian submersion ttq : 
^ 7 ("7a) ~~ ^ ^(iFTa) ma P °f 7ro7r i through 7T2) such that 7T2 7ro = 7ro7ri. Recall that 
Ranjan [22] showed that ttq : S 7 (^) — > is equivalent to the Hopf fibration 
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(see also [IT]). Without loss of generality, we can assume that ttq is just the Hopf 
fibration, since otherwise we can alter 7Ti, vr2 by taking compositions with corresponding 
isometries (bundle isometry between ttq and the Hopf fibration) of S 7 (-^) and ^(jjAj) 
respectively. The proof of (dl) is now completed. 

In conclusion, the proof of Theorem 11.21 is now completed. 
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